We describe an optical cavity resonantly coupled to N atoms which performs the complete conversion of the single photon frequency in the absence of external driving field. Two states of this cavity couple to two transitions between three atomic levels and two input-output waveguides. The problem is reduced to the consideration of coupled 2 1 N  localized and 1 N  waveguide collective states of a photon and atoms and solved exactly using the Mahaux-Weidenmüller formalism. The conditions of complete frequency conversion are determined and the effect of cumulative action of atoms is analyzed. .
Introduction
The amplitude of resonant transmission of a quantum particle, which propagates though a cavity surrounded by potential barriers, can approach unity. This well-known physical effect [1, 2] has been explored to describe a wide range of phenomena in nuclear, atomic, and molecular scattering [1] [2] [3] [4] , propagation of electrons in superlattices and microstructures [5] [6] [7] [8] [9] [10] , and propagation of photons in cavity quantum electrodynamics (QED) [11] [12] [13] .
The resonant transmission amplitude of unity assumes that the motion of a particle is purely elastic and no energy is transferred to the environment. In a realistic experimental situation, when a particle interacts with the environment, its energy is not conserved. With a better precision, the total energy is conserved in an expanded system described by collective states of this particle together with the particles and collective excitations interacting with it. For example, in waveguide-cavity QED, which considers the propagation of photons interacting with atoms inside waveguides and optical cavities, it is practical to introduce the collective states of photons and atoms [14] . A system of collective input-output waveguide states p  and collective localized states n  coupled to each other is illustrated in Fig. 1 . In the simplest case of two input-output states, 1  and 2  , and a single resonant cavity state, 1  , the resonant transmission amplitude of this system is determined by the Breit-Wigner formula [ 
The transmission probability 2 12 | | P S  is equal to unity if the energy   of waveguide state 1  is equal to the eigenenergy 1   of the cavity state 1  , the waveguide-cavity coupling parameters are equal, 11 
12
W W  , and the internal cavity losses are absent, 1 0   . The latter condition is satisfied for an ideal closed system. The resonant transmission through such system assumes the conservation of energy
which is the sum of the initial energy of the physical particle under consideration,   , and the total initial energy of other particles and collective excitations,
. Since the energy   can be redistributed in the process of transmission, the physical particle can be transmitted inelastically and, as result, resonantly acquire or release (respectively, the environment can release or acquire) an energy    with the amplitude equal to unity [15, 16] . As an example, Eq. (1) describes the inelastic resonant transmission of a single photon interacting with a three-level atom in an optical waveguide [17, 18] However, the realization of the described system enabling complete inelastic transition of a single photon is challenging. In particular, while the input photon frequency  can be set in resonance with  cannot be ignored. In practice, this excludes the possibility of the complete frequency conversion for a single photon in the described system. To the best of our knowledge, the question if, in the absence of an external driving field, the complete conversion of the single photon frequency is indeed possible in more complex QED systems has not been answered to date.
In this paper, we give the answer to this question and describe a simplest system of resonant optical cavity and atoms, which performs the complete conversion of the single photon frequency. Our solution is based on the fact that the states of an optical cavity can be set in resonance with the selected atomic transitions such that all other possible transitions are not resonant and can be ignored. In the case when a photon state of the optical cavity is set in resonance with a single atomic transition, the two-level model of atoms is justified [19] [20] [21] [22] . However, such system cannot change the photon frequency due to the energy conservation. In order to enable the frequency conversion of a single photon, it is necessary to consider its interaction with atoms having more than two resonant levels and, respectively, an optical cavity having more than one resonant state. coupling parameters between localized and waveguide states. Generally, the states are multiparticle and include collective excitations. In this paper, we consider localized and waveguide states composed of a single photon and atoms. ,
where the coupling between states and waveguides are assumed to be real and direct coupling between the input-output states is neglected. The S-matrix [23, 24] :
where
is the unity matrix. Generally, Eq. (3) describes the scattering process of several particles. In the resonance approximation, the model Hamiltonian H assumes that the separation between eigenvalues of its localized states is much smaller than the separation of these eigenvalues from the eigenvalues of localized states which are not included in Eq. (2). For 1 N  , the matrix element 12 S determined from this equation coincides with the Breit-Wigner formula, Eq. (1). Eq. (3) has been applied previously to a range of problems in nuclear scattering [25] , conductance of microelectronic and nanoelectronic devices [26] [27] [28] , and transmission of photonic microstructures [29] [30] [31] [32] . In applications to waveguide and cavity QED, this approach often allows one to arrive at general expressions for the scattering S-matrix much easier, without cumbersome calculations based on more detailed models formulated with the second quantization formalism (see, e.g., an example of resonant propagation of a single photon through an optical cavity coupled to two-level atoms [19] [20] [21] [22] [33] [34] [35] [36] described in the Supplemental Material [37]). 
Double eigenfrequency optical microcavity coupled to N three-level atoms
We consider a system consisting of an optical microcavity with two states, 1 u and 2 u , and N three-level atoms inside. The optical states are coupled to two input-output waveguides so that state m u is coupled to waveguide m only. Possible models of such cavities are illustrated in Fig. 2(a) . While the geometry of two cavity states illustrated at the top of Fig. 2(a) is apparent, a model of onedimensional configuration of the cavity states shown at the bottom of Fig. 2(a) is presented in the Supplemental Material. For the application of our concern, these microcavity structures can be fabricated of Fabry-Perot [38] [39] [40] [41] , photonic crystal [42, 43] , toroidal [44] , bottle [45] , and SNAP [46, 47] 
For the cavity structure and resonance condition considered, a photon can either exit from cavity state 1 u through waveguide 1 with the amplitude 1,1
S and conserve its original frequency  or exit through atom n and cavity state 2 u through waveguide 2 with the amplitude 1,2n S and frequency 11 22 1  2  1,2  2  2  1  2  2  1  2  2  1  2  2 2 , 
.
Complete frequency conversion in the absence of losses
We assume that couplings to atoms are independent of their number as, e.g., for atoms situated near an antinode of the optical cavity (see, e.g., [33] [34] [35] 
Rescaling Fig. 3(a) (see e.g., [30] ). Remarkably, Eq. (6) shows that coupling 1 V can be effectively enhanced by the increasing the number of atoms N . This result manifests the partial cumulative action of atoms when only 1 V rather than both 1 V and 2 V are enhanced. The latter fact has a simple physical explanation. While the amplitude of transmission of a photon from the cavity state 1 u into one of the excited atomic states increases with the number of atoms N , the amplitude of transmission from this atomic state into cavity state 2 u does not depend on the number of atoms. This situation is different from the cumulative action of two-level atoms (see Supplemental Material [37]) where the photon emitted from an excited atom can return back to the same collective state and be acquired by other atoms.
It follows from Eqs. (6) Eq. (7a) is similar to the condition of complete resonant transparency of an empty optical cavity discussed in the introduction, while Eq. (7b) requires that the atomic dissipation was relatively small compared to the cavity-atom and/or cavity-waveguide couplings. This means that the dissipation time of atoms should be relatively large compared to the characteristic time of inelastic transition. In the absence of losses, 
show characteristic spectrograms of inelastic transmission probability 1 2 ( , , , ) P P      corresponding to particular relations between m  and  when P can achieve unity. Generally, satisfaction of equality P    in Fig. 3(d) . The ultra-flat behavior of inelastic transmission probability approaching unity is achieved along the white horizontal line of Fig. 3 (d) which corresponds to
known as the Butterworth filter profile in the theory of signal processing (see, e.g., [32] ). An alternative sufficient condition for achieving the unity probability of frequency conversion, Fig. 3(e      for unity probability P is illustrated in Fig. 3 (f) which shows 2 ( , , , ) P     . Experimental realization of complete frequency conversion of a single photon illustrated in Fig. 3 is possible provided that the cavity loss and atomic dissipation are small enough. Specifically, it is required that the conditions of Eqs. (7) for the system losses are satisfied in the regions of surface plots in Figs. 3(b) -(f) where P approaches unity. For example, assuming that the introduced dimensionless parameters of the system have the same order of magnitude equal to unity,
2~~1
   , these conditions simply require that 
Summary
We have described the simplest cavity QED system, which enables the complete conversion of a single photon frequency in the absence of an external driving field. This system consists of an optical cavity having two states, which resonantly couple to two electronic transitions of atoms positioned inside the cavity. Using the Mahaux-Weidenmüller formalism, the general expression for the inelastic resonant transmission amplitudes of a single photon through the cavity with N atoms distributed inside is derived. For identical atoms having equal couplings 1 V to the input cavity state 1 u and equal couplings 2 V to the output cavity state 2 u , the action of N atoms is reduced to the action of a single atom with couplings 1/ 2 1 N V and 2 V . Thus, while the coupling of atoms to the input cavity state 1 u is cumulatively enhanced with the number of atoms N , the effect of coupling to the second cavity state 2 u does not depend on the number of atoms. The contribution of cavity losses and atomic dissipation to the probability of the frequency conversion of a single photon is estimated. It is shown that the complete frequency conversion is possible provided that the dissipation time of a photon in the cavity and excited electronic state in atoms is small compared to conversion time. Overall, the Mahaux-Weidenmüller formalism allows one to consider systems consisting of a large number of quantum particles and collective excitations distributed inside microcavities. It is of a great interest to develop a similar approach for the input-output cavity QED problems with more than one photon and more complex configurations of optical microcavities and quantum excitations. 
Supplemental Material

Inverse of a partitioned matrix
Our calculations of S-matrix determined by the Mahaux-Weidenmüller formula, Eq. (3), are based on the expression for the inverse of a partitioned matrix [S1] : 
Single eigenfrequency optical cavity coupled to N two-level atoms
It is instructive to demonstrate the application of the Mahaux-Weidenmüller formalism to the classical problem of the resonant propagation of a single photon through a single eigenfrequency optical microcavity coupled to N two-level atoms illustrated in Fig. S1(a) [S2, S3] . This system can be modelled by 1 N  localized collective eigenstates, 1 c and n a , 1, 2,..., n N  , and two waveguide states, 1  and 2  shown in Fig. S1(b) . The collective localized state 1 c is composed of a single photon state 1 u localized in the cavity and ground states n g of N atoms. The total eigenenergy of this state, if assumed uncoupled to atoms and waveguides, is , which are distributed inside the cavity. The total energy of these states is
The S -matrix of the considered structure can be found by setting in Eq. (3) 
where 
For identical atoms, we have where 1 V is the root-mean-square of cavity-atom couplings 1n V . For the case of a single atom, 1 N  , and symmetric waveguide-cavity coupling, 11 
12
W W  , this result coincides with that found previously [S5] . It follows from Eq. (S5) that the contribution of N identical atoms to the scattering matrix is the same as that of a single atom with the cavity-atom coupling 
In order to find the inverse of matrix in Eq. (S9), we partition it as Fig. 2(a) is less obvious. Here we present a model of such microcavity. We compose it of three weakly coupled shortrange cavities illustrated in Fig. S3(a) and (b) . The optical states localized in this cavity are defined by the model wave equation: 
